The modules Ì ½ and Ì ¾ play an important role in deformation theory, the first as space of infinitesimal deformations, while the obstructions land in the second. Much work has been done to compute their dimension for rational surface singularities, culminating in the formulas of CHRISTOPHERSEN and GUSTAVSEN [4] . The 'correct' way to define Ì ½ and Ì ¾ also yields higher Ì . The purpose of this note is to generalise the dimension formulas to these modules.
is Ç Ë -linear and therefore much smaller. We use here in an essential way that the iterated hyperplane section of a rational surface singularity is the fat point of minimal multiplicity . The computations with relative Harrison cohomology work well for ¾. Our arguments reprove the Ì ¾ -formula from [4] .
DE JONG and VAN STRATEN [6] prove their formulas for Ì ½ and Ì ¾ with a oneparameter deformation of the singularity (with reduced fundamental cycle) to the cone over the rational normal curve of degree and all singularities on the first blow up.
In this deformation the codimension of the Artin component and the dimension of Ì ¾ are constant. By induction on the singularities on the blow up it then follows that the number of equations needed for the base space equals the dimension of Ì ¾ , a property known as the surjectivity of the obstruction map. Surjectivity still follows if we forget about rational double points and relax the requirements. I had hoped to prove that every rational surface singularity admits such a good maximal deformation, but examples show that this is not the case.
I am grateful to Jan Christophersen for discussions and comments. is summarised in [3] , [4] . A good reference, also for the next subsection, is [8] . We actually work with the analytic version of the cotangent complex, which can be constructed from a Tyurina resolvent of the analytic Ç Ë -algebra Ç , see PALAMODOV's survey [12] and for more details his papers [9] , [10] and [11] .
(1.
2) The higher cotangent cohomology can also be computed as Harrison cohomology. To give the definition we first recall Hochschild cohomology. Let be a com- In the analytic case one has to use the analytic tensor product; precise definitions are given by Palamodov [11] . We can now state the relation with cotangent cohomology. As Ò is smooth, Ì ´ Ò Åµ ¼ for ½. We obtain therefore Lemma. For any Ç -module Å one has Ì ´ Åµ Ì ´ Ò Åµ for ¾.
In particular, if has minimal multiplicity (e.g., a rational surface singularity), so embdim · Ò ½, we may choose coordinates´Þ ½ Þ ·Ò ½ µ such that the projection on the space spanned by the last Ò coordinates is a Noether normalisation. £ (1.5) Another powerful tool is the comparison between the cotangent cohomology of a singularity and its hyperplane section [3] . Let be a flat map such that both and the special fibre À have isolated singularities.
There is a long exact sequence
À and the dimension of the smoothing on which lies in the versal base space of À.
(1.6) The Main Lemma becomes particularly useful if the maximal ideal of annihilates the Ì for ¾. In [1] it is shown that the cone over the rational normal curve of degree has this property. Moreover a formula is given for the dimension of all Ì .
To formulate it we first consider the fat point Ñ of minimal multiplicity Ñ · ½, which is the iterated hyperplane section of the cone over the rational normal curve. We define the number Ñ as the dimension of Ì ½´ Ñ µ. Theorem. For all rational surface singularities of multiplicity one has that Ì ´ µ for ¾.
The tangent complex with values in a sheaf (2.1)
To describe the relation between cotangent cohomology of a singularity and its first blow-up one has to globalise local constructions. We use the analytic cotangent complex of PALAMODOV; for a general overview see [12] , while some technical details are to be found in [10] .
Let
Ë be a map of complex spaces. An analytic sheaf over is a morphism of complex spaces together with an Ç -sheaf . On we have the sheaf Ì ´ Ë µ whose stalk at a point Ý ¾ is the cotangent cohomology Ì ´Ç ´Ýµ Ç Ë ´Ýµ Ý µ. This sheaf occurs in a local to global spectral sequence
In our application, where we will calculate the left hand side, also the right hand side reduces to a familiar object. Under the condition that Ê Õ £´ µ ¼ for Õ ¼ CHRISTOPHERSEN and GUSTAVSEN [4] obtain from Prop. 56 of the Appendix in [2] that Ì ´ Ë µ ³ Ì ´ Ë £ µ, where £ is a sheaf on . For lack of reference we give here a proof using PALAMODOV's theory in the case that Ë is a finite map of germs. 
The differential in the tangent complex is given by Ú ´ ½µ Ú Ú× with × the differential in Ê. The cohomology of this complex is Ì Ò´ Ë µ. We introduce a filtration on ´ µ by setting ´ µ · Ñ , which is the degree of the corresponding generator of Ê . This is the same filtration as in the proof of [10, Thm. 1.1], but this special case is simpler because there are no elements with filtration 1. We denote for all ¼ by Ë the subalgebra of Ê generated by the identity and the generators of filtration at least . We define a derivation by Proposition. If is the first blow-up of a rational surface singularity then one has short exact sequences
Remark . CHRISTOPHERSEN and GUSTAVSEN [4] By genericity of the projection we may assume that the two charts also suffice to cover . One chart (which is a germ along the exceptional divisor, for which we take a The previous two lemmas show that ÑÀ ½´ ½ µ ÜÀ ½´ ½ µ has dimension ´ µ.
We have to determine ÜÀ ½´ ½ µ. Since Ü is generic the cokernel of ½ ¡Ü Ñ ½ has support at the strict transform of the divisor of Ü. In particular its À ½ vanishes and therefore the map À ½´ ½ µ ¡Ü À ½´Ñ ½ µ is surjective. The image of the composed map À ½´ ½ µ ¡Ü À ½´Ñ ½ µ À ½´ ½ µ is ÜÀ ½´ ½ µ. As À ½´Ñ ½ µ À ½´ ½ µ is injective we obtain ÜÀ ½´ ½ µ À ½´Ñ ½ µ. For ¾ this group vanishes. To make it more explicit we first define the multiplicity sequence of a rational singularity in the obvious way as the sequence of multiplicities of the singularities on successive blow ups (this are the infinitely near singularities, including the singularity itself). We denote by È the singularity at an infinitely near point È and by ´Èµ its multiplicity.
The Ì ½ -formula of [4] can be best stated as a formula for the codimension of the (4.2) DE JONG and VAN STRATEN [6] derived their dimension formulas for Ì ½ and Ì ¾ using a special deformation to the cone over the rational normal curve of degree and all singularities on the first blow up. The same deformation also yields the surjectivity of the obstruction map.
The important ingredient in our dimension formulas is the multiplicity sequence. With this in mind we define a more general class of special deformations.
Definition. A good maximal deformation of a rational surface singularity of multiplicity is a one-parameter deformation Ì Ì such that the general fibre Ø has as singularities cones over rational normal curves of multiplicity ´Èµ, one for each infinitely near singularity of multiplicity at least 3.
Proposition. If a rational surface singularity has a good maximal deformation, then the number of equations of the versal base space equals the dimension of Ì ¾ . 3) The existence of a good maximal deformation is established by DE JONG and VAN STRATEN for rational singularities with reduced fundamental cycle and by DE JONG in the determinantal case [7] .
In the first case one can deform to the singularities on the first blow up plus a cone of degree , but for determinantal singularities this is in general impossible. Specifically, if contains one configuration of type ÁÁ ¾ ·½ (in the notation of [7] ), then the dimension of Ì ½ will be too small to allow a deformation to a determinantal with ½ ¾ -configuration and a cone (I checked this by computing Ì ½ in the case ¿). But the singularity does deform into two cones.
In the definition of a good maximal deformation we ignore all occurring rational double points, for a good reason: the singularities on the first blow-up of are three ½ 's, and the cone over the rational normal curve of degree two is also ½ but there is no deformation ½ .
I hoped to prove that every rational singularity has a good maximal deformation but unfortunately this is not true. An example where this condition is satisfied, is obtained by generalising the -singularity to higher multiplicity: consider a singularity with fundamental cycle reduced everywhere except at one´ ¾µ-curve, such that the first blow up has three singularities of multiplicity . The simplest way to do this gives the following graph, where as usual a dot stands for a´ ¾µ-curve. 
